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Cocompletions in Cat

Let @ be a class of small categories.
a category E is ®-cocomplete if E has all colimits colim;c, f (i) withl € ©

afunctorg: E — Xis O-cocontinuous if g preserves these colimits

Definition (D-cocompletion)

The ®-cocompletion of a category Aisafunctor a: A — @(A)suchthat:
D (A) is D-cocomplete.
Forallf: A — X, with (D—cocompletNe codomain, thereis an
essentially unique ®-cocontinuousf: ®(A) — Xsuch that

f%foch.




Cocompletions in Cat

Example (O = filtered categories)
The filtered cocompletion of a category A is a functor $a: A — Ind(A) such that:

Ind(A) has filtered colimits;

Forall f: A — X, such that X has filtered colimits, there is an essentially unique
finitary f: Ind(A) — Xsuchthatf = f o ¢a.

The filtered cocompletion of FinSet is

FinSet — Set



There is plenty of work on cocompletions in V-Cat, where V is a
complete and cocomplete smcc.

NOTES ON ENRICHED CATEGORIES
WITH COLIMITS OF SOME CLASS

G.M. KELLY AND V. SCHMITT



Virtual double categories

A virtual double category X has Example: X = V-Cat
Objects X, A, . . . V-categories
X
Composable tight-cells If V-functors
Y
Loose-cellsp: Y + X V-distributors, with p(x, y) € V
Composable 2-cells V-natural transformations

p p Pn— Pn
Xo ¢ X; e -+ &= Xooy = X, -

fl & ig pr(X0, X1) @+ + - @py(Xp—1, Xpn) ¢—> (X0, g%n)
A < B

j




Virtual equipments

A virtual equipment also has: For X = V-Cat:
Loose-identities E(1, 1) E(1,1)(x,y) = E(x,y)
E

AN

E+———FE
E(1,1)

Restrictions p(f, g) p(f.g)(x.y) = p(fx, gy)
X' L9 p(f y/
fl cart lﬂ
X<+———Y

Restrictions of - Companions E(1g,j): A+ E | ..
loose-identities E(f.9) =E(L1)(f. 9) Conjoints E(j,1¢): E+ A A—E



Strict restrictions

X! p(f.g9) vz

f\L cart \[)q
X<—I})—Y

We’'ll assume that restrictions are chosen and strict:

p(x, W) =p  plf.9)(f' g") =p(ff' g99")



Globular 2-cells

Since we have restrictions, instead of 2-cells

p p: Pn— Pn
Xo €= Xi < o dm e e e

fl ¢ 19
A < ¥ B

we can consider globular 2-cells

Vipr, ... pe = alf,g)
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Colimits in virtual equipments

Rightliftq < p
P For X = V-Cat:
X 7=y ..., rh = q4p
\<> iq such that
) it coali =2 (4 «p)(x.y) = PAp(—, %), 4(—»))
— (G,X) —0 (a, )
7\ JaEAp 1 4
Weighted CO”mitp @ f assuming Vis closed
X p®f v
\ Tf suchthat Y(p®f,1) = Y(f,1) «p Y((p ®f)x,y) = PA(p(— x), Y(f—y))
p
A




Left extensions in virtual equipments

Weighted colimitp ® f

Xp@fy

\ Tf suchthat Y(p®f,1) = Y(f,1) «p
p
A

(Pointwise) left (Kan) extensionj 1> f

j>f

~

E
f suchthat j>f =E(j,1)®f

> — <

For X = V-Cat:

Y((p®f)x,y) = PA(p(—, x), Y(f—.y))

Y((G o> f)x.y) = PA(EG— x), Y(f—y))
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Cocompletions in a virtual equipment (wrong)

Let @ be a class of loose-cells.

an object E is ®-cocomplete if E admits all colimitsp ® f withp € ©
atight-cellg: E — Xis ®-cocontinuous if g preserves these colimits

Definition (D-cocompletion)
The ®-cocompletion of an object A is a tight-cell 4: A — D(A) such
that:
D(A) is D-cocomplete.
Forallf: A — X, with q)—cocompletg codomain, thereis an
essentially unique @-cocontinuous f: ®(A) — X such that

f%FO(bA-




Cocompletions in a virtual equipment (still wrong)

Aloose-cell g: X + Eis ®-cocontinuousifq(p ® f,1) = q(f,1) @ pforp € ®

Definition (D-cocompletion)
The ®-cocompletion of Ais a tight-cell po: A — D@ (A) such that:

D(A) is D-cocomplete.

Forallf: A — X, with ®-cocomplete codomain, there is an essentially unique
®-cocontinuousf: ®(A) — Xsuchthatf = f o Pa.

Forallp: X + A, there is an essentially unique ®-cocontinuousp: X + @ (A)
suchthatp = p(da, 1).




Cocompletions in a virtual equipment

Aloose-cell g: X + Eis ®-cocontinuousifq(p ® f,1) = q(f,1) @ pforp € ®
Definition (D-cocompletion)
The ®-cocompletion of Ais a tight-cell po: A — D@ (A) such that:

D(A) is D-cocomplete.

Forallf: A — X, with ®-cocomplete codomain, there is an essentially unique
®-cocontinuousf: ®(A) — Xsuchthatf = f o Pa.

Forallp: X + A, there is an essentially unique ®-cocontinuousp: X + @ (A)
suchthatp = p(da, 1).

pistherightliftp € ®(A)(da, 1), and the canonical 2-cell p($a, 1) = pisan
isomorphism.




d 4 is fully faithful

Foreveryp: X + A,

p 4 D(A)(da, da) = (p « D(A)(Pa, 1)) (a, 1)
= p(Ppa, 1)
=p
=p <4A(1,1)
A1,1) =p
So there is a bijection natural in p.

O(A)(Pa, Pa) =
Hence A(1,1) = O®(A)(da, Pa).



Loose-composites in virtual equipments

Compositeq © p

X<y 7z [ lndOp,h,..., Yo =S

¥ such that
’\qggp/ oo Von Gy Doy ey by =S

Left-compositeq ©, p

X< yvydz qaOLp .-, Fp =S

¥ such that
'\qé—m/ 77 T )




Absolute colimits

Forj: A — E,acolimitq ® f in Eisj-absolute if
EGa®f) =E(,f) OLq

Ifq ® f isj-absolute, then q ® f is preserved by everyj > g



Absolute colimits

Forj: A — E,acolimitq ® f in Eisj-absolute if
EGa®f) =E(,f) OLq

@-colimits in @ (A) are ¢p4a-absolute:
DOA)(Pa,q®f), r, ..., ry =S

I ry = (s 4« O(A)(Pa,1))(@®f,1)
Moo = (s 4« D(A)(Pa, f)) aq
qn,..., r, = s 4D(A)(ba,f)

O(A)(Ppa, f)a.r, ... .ty =5




D-cocontinous tight-cells

The following are equivalent for a tight-cellg: ®(A) — X:

gis ®-cocontinuous;
gisaleftextension ¢, > f, forsomef: A — X;
g preserves ¢pa-absolute colimits.



Presheaves in virtual equipments

Definition (Presheaf object)
The presheaf object for A is a loose-cell
s PIA] + Asuchthat:

Forallg: Y - A, thereisa unique
tight-cell g : Y — P[A] such that

T[A(-Ivé) =q.

7, is dense (11, € 14 = PIA](1,1)).

For X = V-Cat:
Objects of P[A] are V-presheaves ¢ on A

PAI($,)) %LEA $(a) — P(a)
assuming Vis closed

ma(a, ) = $(a)

20
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Presheaves in virtual equipments

Definition (Presheaf object)
The presheaf object for A is a loose-cell
s PIA] + Asuchthat:

Forallg: Y - A, thereisa unique
tight-cell g : Y — P[A] such that

T[A(-Ivé) =q.

7, is dense (11, € 14 = PIA](1,1)).

For X = V-Cat:
Objects of P[A] are V-presheaves ¢ on A
PlAl($, ) %LEA $(a) — P(a)

assuming Vis closed

ma(a, ) = $(a)

Right lifts: ¢ € p = P[A](p, §)
q

Yoneda lemma: P[A](&La, §) = q, where ka = A(1,1): A — P[A]

~—

20



Presheaves in virtual equipments

Definition (D-presheaf object)
The @-presheaf object for Ais a loose-cell 714 : @[A] + A such that:
Forallg: Y -+ Awithq € @, thereis a unique tight-cell
qg:Y — O[A]suchthats(1,4) = 9.
7, is dense (71, € 13 = D[A](1,1)).
ma(1,f) € @, forallf: Y — D[A].

~—

Yoneda lemma: ®[A](da, q) = q, where oy = A(1,1): A — DI[A],
assumingA(1,1) € ®andgq € @

Right lifts: ¢ € p = ®[A](p, ), assumingp,q € @

21



Cocompletions are almost presheaf objects

Let da: A — D(A) be a D-cocompletion, and assume every
p=p4D(A)(da,1)isrepresentable:

p=D(A),p)

Then p is essentially unique such that 7t4 (1, p) = p, where
Tia = O (A)(ba, 1)

p: XA — p:X— OA)
f:X—> DA — OA)(Daf): X+ A

22



Colimits in presheaf objects

The colimit

X L, @Al

R

A
is given by a left-composite
q®f=m(1,f)OLq
assuming 74 (1, f) ®; g exists and is in @.
This is d4-absolute:
O[Al(pa,qa®f) = O[Al(Pa, f) OLq

23



Cocompletions from presheaves

Assuming:

The presheaf object 7t : @[A] - Aexists.

~—

A(1,1) € O (sowe have pp = A(1,1): A — O[A]).
® is closed under left-composites (so @ [A] has @-colimits).
q « pexistsforall p € @ (in particular, forp = O[A](ba, 1)).

The @-cocompletionof Ais da: A — DIA].

24



Cocompletions from presheaves

Given VY, if there exists some @ such that:

The presheaf object 7t4: @ [A] - Aexists.

~—

A(1,1) € @ (sowe have by = A(1,1): A — D[A]).

® is closed under left-composites (so @ [A] has @-colimits).
q 4 pexistsforall p € O (in particular, forp = O [A](Ppy, 1)).
Yand @ are colimit-equivalent.

The W-cocompletionof Ais pa: A — DIA].

25



Cocompletions from presheaves, in V-Cat

If Aissmall, each p € @ has small codomain, and the V-category P[A]
exists:

@O (A) — P[A] is the smallest full sub-V-category such that

®(A) contains the representables
®(A) is closed under ®-colimits

bp: A — D(A)isthe Yoneda embedding

26



Cocompletions in a virtual equipment

Definition (O-cocompletion)

The ®-cocompletion of Ais a tight-cell 4: A — ®(A) such that:
D(A) is D-cocomplete.
Forallf: A — X, with (D—cocompletg codomain, thereis an
essentially unique @-cocontinuous f: ®(A) — X such that

f=foda

Forall p: X - A, there is an essentially unique ®-cocontinuous
p: X + O(A)suchthatp = p(da,1).

pistherightliftp € ®(A)(da, 1), and the canonical 2-cell
p(Pa,1) = pisanisomorphism.

27



