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How can we model quantitative computational effects, where each
computation M has a grade d € N?

TrV:A
I'FreturnV :A&1

TrM:A&d, TrM:A&d
I'rfail : A&O T+ or(My, M) : A& (dy +dy)

> e.g. to prove equations between terms

or(or(M;, M), M3) = or(M,, or(Ms, M3))
OI'(Ml, Mz) = Mz (If Tk M] A& 0)



Models of effects from presentations

1. Monads model computational effects [Moggi '89]
2. They often come from presentations [Plotkin and Power '02]
3. which induce algebraic operations [Plotkin and Power '03]
4. and provide semantics for effect handlers [Plotkin and Pretnar '09]

Example:
1. Nondeterminism can be modelled using the free monoid
monad List

2. which comes from the presentation of monoids

m:2 u:o0

m(m(x,y),z) = m(x,m(y,z)) m(u,x) = x = m(x, u)
3. which also induces algebraic operations

faily = [Ju] : 1 — ListX ory = [m] : List X x List X — List X



Presentations of monads

Presentation (2, E): Presentation of monoids:
operations op : n from X m:2 u:0
m(u,x) =x x=m(x,u)

+ equations t = u from E
d m(m(x,y),z) = m(x, m(y, 2))



Presentations of monads

Presentation (2, E):
operations op : n from X

+ equations t = u from E

Algebra:
carrier set A with
functions [Jop] : A" —» A
satisfying equations

Presentation of monoids:
m:2 u:0
m(u,x) =x x=m(x,u)
m(m(x,y),z) = m(x, m(y, z))

Monoid:
carrier set A with
functions [u] : 1 > A, [m] :AXA—> A
satisfying unit and associativity eqns
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Presentations of monads

Presentation (2, E):
operations op : n from X

+ equations t = u from E

Algebra:
carrier set A with
functions [Jop] : A" —» A
satisfying equations

Free algebra on X:
algebra (TX, [-]) with
function nx : X - TX
satisfying universal property

Free algebra monad T:
has the same algebras as

the presentation

Presentation of monoids:
m:2 u:0
m(u,x) =x x=m(x,u)
m(m(x,y),z) = m(x, m(y, z))

Monoid:
carrier set A with
functions [u] : 1 > A, [m] :AXA—> A
satisfying unit and associativity eqns

Free monoid on X:
monoid (List X, fail, or) with
singleton function X — List X
satisfying universal property

Free monoid monad List:

has monoids as algebras



Models of quantitative effects from graded presentations
1. Nondeterminism can be modelled using a graded monad List
List X = the free graded monoid on the set X

2. which comes from a graded presentation of monoids?

3. which induces graded algebraic operations?

Org, d, X * LiSthl X List X dz — List X (dl + dz) (dl, dz S N)
faily : 1 — List X 0

TrM:A&d, TrM:A&d
I'rfail : A&O T+ or(My, M) : A& (dy +dy)

The existing notions of graded presentation [Smirnov '08, Milius et
al. '15, Dorsch et al. '19, Kura '20] are not general enough to do
this



This work

Develop a notion of flexibly graded presentation
> Every flexibly graded presentation (2, E) induces
> a canonical graded monad T s )
> along with a flexibly graded algebraic operation for each
operation of the presentation
> Examples like List have computationally natural flexibly
graded presentations
> The constructions are mathematically justified by locally
graded categories, and a notion of flexibly graded abstract
clone



Algebras

Algebraic structures form concrete categories (C,U : C — Set),
consisting of:

1. a collection of objects |C|;
2. for each object A € C, a carrier set UA

3. for each A,B € A, a set C(A, B) of functions f: UA — UB,
called homomorphisms f: A — B;

4. such that homomorphisms are closed under identities and
composition

idUA:A—>A
(gof): AL > As for f: A > Asg: Ay — As

Examples:

» monoids A = (A, m,u), with carrier UA = A, and monoid
homomorphisms f: A — B;

> also rings, groups, mnemoids, semilattices, ...



Algebras

An isomorphism
I:(CU)=(C,U)

of concrete categories consists of
1. a bijection I: |C| = |C/|;
2. such that U(IA) = UA’ for all A, and

feC(AN) o feC(IAIAN)

for all functions f: UA — UA’.



Presentation algebras
Fix a presentation (2, E) consisting of a set X(n) of n-ary
operations for each n € N, together with a collection of equations

> A (X, E)-algebra A = (A [-]) is a carrier set Uz p)A = A,
together with interpretation functions
[op] : A® = A for each op € 2(n)

satisfying the equations
> (3,E) is a presentation of (C,U) if

(C, U) = (Alg(Z, E), U(Z,E))

Examples:
> (Mon,U) has a presentation

%(0) = {u} %(2) = {m} %(n) =0 otherwise

m(u,x) =x=m(xu)  m(m(x,y),z) = m(x, m(y,z))

> also rings, groups, mnemoids, semilattices, ...



Monad algebras

» A monad T (in Kleisli form, on Set) consists of:

> aset TX for each set X

> unit functions nx : X — TX
X > TY

fITX > TY
such that the monad laws hold:
. T
flonx=f (x)'=idix  (gTof) =g'of

> Kleisli extension

> A T-algebra A = (A, (-)%) is a carrier set UTA = A, together

with an extension operation ———————— such that
fF:TX > A

flonx=f (g o) =gtof

(C,U) is monadic if (C,U) = (Alg(T),Ut) for some (unique)
monad T

10



Algebraic structures are monadic

If (C,U) is any algebraic structure that has a presentation (X, E)
> e.g. monoids, rings, groups, arithmoids, semilattices, ...
then (C,U) is monadic:

C ———— Alg(Tsp)

A‘ ‘%T(E,E)
Set

Theorem
For a concrete category (C,U), the following are equivalent:

1. (C,U) has a presentation (3,E);
2. (C,U) is monadic, and the monad T is finitary.

11



Grading
Definition
A (N.—)graded set X : No — Set consists of:
> aset Xd for eachd e N
> a function X(d<d’) : Xd — Xd’ foreachd <d’ e N
such that X(d < d) =id and X(d’<d”) o X(d<d’) = X(d<d").
A morphism f: X —e~Y of grade e € N is a natural family of

functions
fa:Xd—>Y(d-e)
Identities have grade 1, composition multiplies grades, and we can
coerce a morphism to a larger grade:
dy : X -1+X
(gof) : X, —e- 3/9X3 for f : Xq *39X2,g : X5 *3’9X3
(e<e)f:X-e>Y for f: X—-e>Y
where ((e <€) f)ax = Y(d-e < d-¢')(fyx)

so we get a locally graded category [Wood '76] of graded sets

12



Grading

» For each (ungraded) set X, there is a graded set List X:

> ListXd is lists over X of length <d
> ListX(d<d’) is the inclusion ListXd C ListXd’

and morphism dup : ListX —2- ListX

dupy : ListXd — ListX(d - 2)
dupg[x1, x2, ..., xx] = [x1, %1, X2, X2, . . ., Xp, X ]

> Every (ungraded) set X forms a graded set KX such that
morphisms f : KX —e+ Y are equivalently functions

fi: X —>Ye:
X ifd>1
KXd =

O otherwise

13



Graded algebraic structures
A graded monoid A = (A, m,u) consists of:
> a graded set A (the carrier)
> multiplication functions mg, 4, : Ad; X Ady — A(d; + d3)
natural in dy,d; € N¢
> a unit u € A0
such that
mo.a(u, x) = x = mgo(x, u)
M, +dy,dy (Mayd, (X, Y), 2) = My, dyva, (X, May 4, (Y, 2))

A morphism f : A —e- B of grade e is a graded set morphism
f:A—e= B such that

f‘d1+d2 (mdl,dz (xl’xz)) = md1'€,d2'€(ﬁ1x19ﬁ2x2) f(‘]u =u
Example: the free graded monoid on a set X is
» graded set ListX, with
> concatenation of lists ListXd; x ListXd,; — ListX(d; + d>)
> the empty list [] € ListX0

14



Graded algebraic structures

Graded algebraic structures form concrete locally graded categories
(C,U : C — GSet), consisting of:

1. a collection of objects |C|;
2. for each object A € C, a carrier graded set UA

3. for each A,B € A, and grade e, a set C(A, B)e of morphisms
f:UA —e>UB, the morphisms f : A—e~ B of grade e;

4. such that morphisms are closed under identities, composition,
and coercions

idpa:A-1-A
(gof):Ar—e-e'»As for f: A1 —e>Asg:Ar—e'+A;
(e<e)f":A-e'>B fore<e,f:A-e>B

Examples:
> graded monoids A = (A, m,u), with carrier UA = A;

> also graded rings, graded modules, ...

15



Graded presentations
[Smirnov '08, Milius et al. '15, Dorsch et al. '19, Kura '20]

Fix a (rigidly) graded presentation (3, E) consisting of a set X(n,d)
of n-ary operations of grade d for each n,d € N, together with a
collection of equations

> A (3,E)-algebra A = (A [-]) is a graded set Uiz p)A = A,
together with interpretation functions

[op]le : (Ae)" — A(d -e) for each op € %(n,d)

satisfying the equations
> (3,E) is a presentation of (C,U) if

(C’ U) = (Alg(z’ E)> U(Z,E))

16



Graded monads
[Borceux, Janelidze, Kelly '05; Smirnov '08; Mellies '12; Katsumata '14]

» A graded monad T consists of:

> a graded set TX for each (ungraded) set X

> unit functions nx : X — TX1
f:X—>TYe

fI:TXd > TY(d"e)
such that the monad laws hold:

f;r onx =f (UX)Z, = idrxq (ghofly= 92.8 Ode

> Kileisli extension natural in d, e

Example: the graded monad List has
> graded set ListX for each set X

> singleton functions X — ListX1

> f;[xl;---,Xk]:fxl-H-...%ka

17



Graded monads
[Borceux, Janelidze, Kelly '05; Smirnov '08; Mellies '12; Katsumata '14]

» A graded monad T consists of:

> a graded set TX for each (ungraded) set X

> unit functions nx : X — TX1
f:X—>TYe

fI:TXd > TY(d"e)
such that the monad laws hold:

f;r onx =f (UX)Z, = idrxq (ghofly= 92.8 ° f;

> A T-algebra A = (A, (-)¥) is a graded set UTA = A, with an
extension operation

> Kileisli extension natural in d, e

(C,U) is graded monadic if (C,U) = (Alg(T),Ut) for some
(unique) graded monad T
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The problem with graded monads

Graded monoids are not graded monadic, hence do not have a
rigidly graded presentation

There is a concrete functor

GMon —&5 Alg(List)

N Loom

GSet
satisfying a universal property, but it is not an isomorphism

Similarly for graded rings, ...
(but graded modules have a rigidly graded presentation)

18



Graded presentations are too rigid

Each operation op € X(n,d) is interpreted as
[op]le : (Ae)" — A(d - e)

but we want
I’ndl,d2 : Ad1 X Adz — A(dl + dz)

19



This work

Develop a notion of flexibly graded presentation
> Every flexibly graded presentation (2, E) induces
> a canonical graded monad T s )
> along with a flexibly graded algebraic operation for each
operation of the presentation
> Examples like List have computationally natural flexibly
graded presentations
> The constructions are mathematically justified by locally
graded categories, and a notion of flexibly graded abstract
clone

20



Flexibly graded presentations
A flexibly graded presentation (X, E) consists of

> a signature X: sets

S(d,,...,d,;d)

ana

of operations

e€eN Trty:di-e - Trt,:d,-e

I'top(ety,....,ty) :d-e

such as my, g4, € E(dy,dy; (di +d2))
> a collection of axioms E: sets

E(d,...,d,;d)

an3

of equations
xp:df,..xpidypt=u:d

such as

Md+dyds (1 Ma, 4, (1%, Y), 2) = My, g,4d, (1,6, Mg, g, (13 Y, 2))

21



Semantics

For every flexibly graded presentation (2, E), there is:
> a notion of (3, E)-algebra, forming a locally graded category

Alg(Z, E)

A (3, E)-algebra (A, [-]) is:
> a graded set A
> with an interpretation

[oplle : [T, A(d] - e) — A(d - e) natural in e

of each op € X(d!,...,d/; d)

ns

> satisfying each axiom t = u of E:

[£]e = [u]e for every e

22



Semantics

For every flexibly graded presentation (2, E), there is:

> a notion of (2, E)-algebra, forming a locally graded category
Alg(Z, E)

» a sound and complete equational logic

I'+t=u:d generated by

(tu) €E(d,....d)sd) Trs:d-e -+ Trsy:d,-e

ns

IF't{e;x; > s1,...,xn o spt=u{e;x; > s,...,xp > sp}:d-e

and some other rules

Soundness and completeness:

[£] = [u]] in every (,E)-algebra & T+t =u:dis derivable

22



Semantics

For every flexibly graded presentation (2, E), there is:

> a notion of (3, E)-algebra, forming a locally graded category
Alg(Z, E)
» a sound and complete equational logic

> a graded monad T (5 ) on Set and concrete functor
R(sp) : Alg(%,E) — Alg(T (), with a universal property

For every graded monad T’ and concrete functor R’ :
Alg(3,E) — Alg(T):

R
Alg(3,E) —25 Alg(T(s.p) Tr)
Alg(a) ™
N \L g(a :0(

Alg(T’) T

(But R(s,f) is usually not an isomorphism)
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Semantics

For every flexibly graded presentation (2, E), there is:

> a notion of (3, E)-algebra, forming a locally graded category
Alg(Z, E)

» a sound and complete equational logic

> a graded monad T (5 ) on Set and concrete functor
R(sp) : Alg(%,E) — Alg(T (), with a universal property

> for every op in X, a flexibly graded algebraic operation

Forop e X(d!,...,d.; d):

ns
Hop,X,e * Hi T(Z,E)X(dl{ : e) - T(Z,E)X(d : e)

natural in e, and compatible with Kleisli extension

(Because each free T (5 p)-algebra Tz g)X forms a (3, E)-algebra)
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Semantics

For every flexibly graded presentation (2, E), there is:

> a notion of (3, E)-algebra, forming a locally graded category
Alg(Z, E)

» a sound and complete equational logic

> a graded monad T (5 ) on Set and concrete functor
R(sp) : Alg(%,E) — Alg(T (), with a universal property

> for every op in X, a flexibly graded algebraic operation

A large class of graded monads have flexibly graded presentations:

> exactly the finitary graded monads on Set

> correspondence goes via flexibly graded clones

Graded monads we care about have natural flexibly graded
presentations
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Summary
Given a flexibly graded presentation (2, E), there is

> a graded monad T(5 )
> with a (d!,...,d];d)-ary algebraic operation

lopllxe : IT; Ts.py X (d] - ) = T(5.p)X(d - €)

for each op € 3(d},...,d;d) (satisfying equations)

> that is in some sense canonical, even if it does not quite
capture (2, E)-algebras

Details are in the papers:

» Dylan McDermott and Tarmo Uustalu, Flexibly graded monads and
graded algebras, MPC 2022

» Shin-ya Katsumata, Dylan McDermott, Tarmo Uustalu and Nicolas
Wu, Flexible presentations of graded monads, ICFP 2022

23



Constructing T(s, k)

flexibly graded presentations

(Z,E) = Tms )
~

flexibly graded clones = sets of terms, with variables and sub

left Kan extension along
FCtx—GSet

v

monad on GSet

flexibly graded monads

compose with
K:RSet—GSet

v

graded monads

24



ConStrUCtlng T(Z,E) algebraic theories and relative monads are
closely connected (jww Nathanael Arkor)

flexibly graded presentations

AN
(3,E) — Tmsg) |~

v

flexibly graded clones = (FCtx — GSet)-relative monad
A
left Kan extension along |. | compose with
FCtx—GSet FCtx—GSet
~
flexibly graded monads B monad on GSet
preserving conical sifted colimits " preserving conical sifted colimits
4| compose with
K:RSet—GSet
~
graded monads _ K-relative monad

preserving conical sifted colimits preserving conical sifted colimits



Monads as models of computational effects

Let T be the monad that arises from a presentation (2, E). Then:

> an element t € TX can be thought of as a computation over X

v

the unit functions nx : X — TX provide trivial computations

v

the Kleisli extension functions (X —» TY) — (TX — TY) provide
sequencing of computations

> the interpretation functions
[op] : (TX)" > TX where (op:n) € 2
provide effectful operations

Example: if (3, E) is the presentation of monoids, then
> a computation t € TX = ListX is a list of alternatives;

» TX = ListX is a monoid, with
unit Ju] : 1 — ListX the empty list

multiplication [m] : ListX x ListX — ListX concatenation of lists
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